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Abstract. We study natural cluster structures in the rings of regular func- 
tions on simple complex Lie groups and Poisson-Lie structures compatible with 
these cluster structures. According to our main conjecture, each class in the 
Belavin-Drinfeld classification of Poisson-Lie structures on Q corresponds to 
a cluster structure in 0(G). We prove a reduction theorem explaining how 
different parts of the conjecture are related to each other. The conjecture is 
established for SL n , n < 5, and for any Q in the case of the standard Poisson- 
Lie structure. 



1. Introduction 

Since the invention of cluster algebras in 2001, a large part of research in the 
field has been devoted to uncovering cluster structures in rings of regular functions 
on various algebraic varieties arising in algebraic geometry, representation theory, 
and mathematical physics. Once the existence of such a structure was established, 
abstract features of cluster algebras were used to study geometric properties of 
underlying objects. Research in this direction led to many exciting results [SSVZ, 
IFoGol[|Fo Go2 . It also created an impression that, given an algebraic variety, there 
is a unique (if at all) natural cluster structure associated with it. 

The main goal of the current paper is to establish the following phenomenon: in 
certain situations, the same ring may have multiple natural cluster structures. More 
exactly, we engage into a systematic study of multiple cluster structures in the rings 
of regular functions on simple Lie groups (in what follows we will shorten that to 
cluster structures on simple Lie groups). Consistent with the philosophy advocated 
in |GS Vll IGSV21 IGS V31 iGSVl IGSV51 IGSV6] . we will focus on compatible Poisson 
structures on the Lie groups, that is, on compatible Poisson-Lie structures. 

The notion of a Poisson bracket compatible with a cluster structure was intro- 
duced in GSVT) . It was used there to interpret cluster transformations and matrix 
mutations from a viewpoint of Poisson geometry. In addition, it was shown that if 
a Poisson algebraic variety (Ai, {•,•}) possesses a coordinate chart that consists of 
regular functions whose logarithms have pairwise constant Poisson brackets, then 
one can use this chart to define a cluster structure Cm compatible with {•, •}. Al- 
gebraic structures corresponding to Cm (the cluster algebra and the upper cluster 
algebra) are closely related to the ring 0(A4) of regular functions on M.. More pre- 
cisely, under certain rather mild conditions, 0(A4) can be obtained by tensoring 
one of these algebras by C. 
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This construction was applied in [GSV6, Ch. 4.3] to double Bruhat cells in 
semisimple Lie groups equipped with (the restriction of) the standard Poisson- 
Lie structure. It was shown that the resulting cluster structure coincides with the 
one built in |BFZj . Recall that it was proved in [BFZ] that the corresponding upper 
cluster algebra coincides with the ring of regular functions on the double Bruhat 
cell. Since the open double Bruhat cell is dense in the corresponding Lie group, the 
corresponding fields of rational functions coincide, thus allowing to equip the field 
of rational functions on the Lie group with the same cluster structure. Moreover, 
we show below that the upper cluster algebra coincides with the ring of regular 
functions on the Lie group. 

The standard Poisson-Lie structure is a particular case of Poisson-Lie structures 
corresponding to quasi-triangular Lie bialgebras. Such structures are associated 
with solutions to the classical Yang-Baxter equation (CYBE). Their complete clas- 
sification was obtained by Belavin and Drinfeld in |BDj . We conjecture that any 
such solution gives rise to a compatible cluster structure on the Lie group, and 
that the properties of this structure are similar to those mentioned above. The 
detailed formulation of our conjectures requires some preliminary work; it is given 
in Section |3] below. In Section |4] we study interrelations between the different parts 
of the conjecture. Currently, we have several examples supporting our conjecture: 
it holds for the class of the standard Poisson-Lie structure in any simple complex 
Lie group, and for the whole Belavin-Drinfcld classification in SL n for n = 2,3,4. 
These results are described in Sections 15.11 and 15.21 respectively. In Section |6] we 
discuss the case of Poisson-Lie structures beyond those associated with solutions to 
CYBE. 



2. Cluster structures and compatible Poisson brackets 

2.1. We start with the basics on cluster algebras of geometric type. The definition 
that we present below is not the most general one, see, e.g., |FZ2[ [BFZ for a 
detailed exposition. In what follows, we will use a notation for an interval 
{i, i + 1, . . . ,j} in N and we will denote [1, n] by [n] . 

The coefficient group V is a free multiplicative abelian group of finite rank m 
with generators <?i, . . . , g m . An ambient field is the field T of rational functions 
in n independent variables with coefficients in the field of fractions of the integer 
group ring TIP = 7L\g^ x , . . . , g^ 1 ] (here we write x ±x instead of x, x~ r ). 

A seed (of geometric type) in J 7 is a pair £ = (x, B), where x = (x±, . . . , x n ) is a 
transcendence basis of T over the field of fractions of IIP and B is an n x (n + m) 
integer matrix whose principal part B = B([n],[n]) is skew-symmetrizable (here 
and in what follows, we denote by A(J, J) a submatrix of a matrix A with a row 
set I and a column set J). Matrices B and B are called the exchange matrix and 
the extended exchange matrix, respectively. In this paper, we will only deal with 
the case when the exchange matrix is skew-symmetric. 

The n-tuple x is called a cluster, and its elements x\, . . . ,x n are called cluster 
variables. Denote x n+ i = gi for i G [m]. We say that x = (xi, . . . ,x n +m) is an 
extended cluster, and x n +i, ■ ■ ■ , x n+m are stable variables. It is convenient to think 
of T as of the field of rational functions inn+m independent variables with rational 
coefficients. 
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Given a seed as above, the adjacent cluster in direction k £ [n] is defined by 

x fc = (x\{x fc })U{4}, 
where the new cluster variable x' k is given by the exchange relation 

(2.i) x k x' k = n n x i Hi -> 

l<i<n+m l<2<n+m 
&M>0 b kt <0 

here, as usual, the product over the empty set is assumed to be equal to 1. 

We say that B is obtained from B by a matrix mutation in direction k and write 
B' = t i k (B) if 

!— bij, if i — k or j = k; 

bij+ \b ik \hj + b ik \b kj \^ otherwige _ 

It can be easily verified that fik{Hk{B)) = B. 

Given a seed E = (x,B), we say that a seed E' = (x',B') is adjacent to S (in 
direction fc) if x' is adjacent to x in direction k and f?' = fi k (B). Two seeds are 
mutation equivalent if they can be connected by a sequence of pairwise adjacent 
seeds. The set of all seeds mutation equivalent to E is called the cluster structure 
(of geometric type) in T associated with E and denoted by C(E); in what follows, 
we usually write C(B), or even just C instead. 

Following |FZ2[ IBFZj . we associate with C(B) two algebras of rank n over the 
ground ring A, Z C A C TIP: the cluster algebra A = A(C) = A(B), which is the 
A-subalgebra of T generated by all cluster variables in all seeds in C(B), and the 
upper cluster algebra A — A(C) = A(B), which is the intersection of the rings of 
Laurent polynomials over A in cluster variables taken over all seeds in C(B). The 
famous Laurent phenomenon |FZ3j claims the inclusion A(C) C A(C). The natural 
choice of the ground ring for the geometric type is the polynomial ring in stable 
variables A = lfP+ = Z[x n +i, . . . ,x„+ m ]; this choice is assumed unless explicitly 
stated otherwise. 

Let V be a quasi-affine variety over C, C(V) be the field of rational functions on 
V, and 0(V) be the ring of regular functions on V. Let C be a cluster structure in 
T as above. Assume that {/i, . . . , f n + m } is a transcendence basis of C(V). Then 
the map ip : Xi i— > fi, 1 < i < n + m, can be extended to a field isomorphism 
ip : Jx — > C(V), where Fc — T ® C is obtained from T by extension of scalars. 
The pair (C, y>) is called a cluster structure m C(V) (or just a cluster structure 
on V), {/i, . . . , fn+m} is called an extended cluster in (C, <^). Sometimes we omit 
direct indication of tp and say that C is a cluster structure on V . A cluster structure 
(C, p) is called regular if <^(x) is a regular function for any cluster variable x. The 
two algebras defined above have their counterparts in J~c obtained by extension of 
scalars; they are denoted Ac and ,4c- If, moreover, the field isomorphism p can be 
restricted to an isomorphism of Ac (or Ac) and 0(V), we say that Ac (or Ac) is 
naturally isomorphic to 0{V). 

The following statement is a weaker analog of Proposition 3.37 in [GSV6 . 

Proposition 2.1. Let V be a Zariski open subset in C" +m and (C — C(B),<p) be 
a cluster structure in C(V) with n cluster and m stable variables such that 
(i) rank_B = n; 
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(ii) there exists an extended cluster x = (xi, . . . ,x n +m) in C such that ip(x-i) is 
regular on V for i G [n + m] ; 

(iii) for any cluster variable x' k , k G [n], obtained via the exchange relation (|2.1|) 
applied to x, <f(x' k ) is regular on V. 

(iv) for any stable variable x n +i, i G [m], ip(x n +i) vanishes at some point ofV; 

(v) each regular function on V belongs to ip(Ac{C)). 
Then Ac(C) is naturally isomorphic to 0(V). 

2.2. Let {•, ■} be a Poisson bracket on the ambient field J 7 , and C be a cluster 
structure in T . We say that the bracket and the cluster structure are compatible 
if, for any extended cluster x = (xi, . . . , x n + m ), one has 

(2.2) } — UJ^jXiXj ) 

where ujij G Z are constants for all i,j G [n + m]. The matrix f2 x — (uiij) is called 
the coefficient matrix of {•, ■} (in the basis x); clearly, i7 x is skew-symmetric. 

A complete characterization of Poisson brackets compatible with a given cluster 
structure C — C(B) in the case rank_B = n is given in [GSVlj . see also [GSV61 
Ch. 4]. In particular, the following statement is an immediate corollary of Theo- 
rem 1.4 in [GSVlj . 

Proposition 2.2. Let rank_B = n, then a Poisson bracket is compatible with C(B) 
if and only if its coefficient matrix Q x satisfies Bfl x = (DO), where D is a diagonal 
matrix. 

Clearly, the notion of compatibility and the result stated above extend to Poisson 
brackets on J-£ without any changes. A different description of compatible Poisson 
brackets on J-£ is based on the notion of a toric action. Fix an arbitrary extended 
cluster x = (xi, . . . ,x„+ m ) and define a local toric action of rank r as the map 
: J-<c — > Fc given on the generators of J~c = C(xi, . . . , x n + m ) by the formula 

( r \ n+m 

' d = (di > ...,d r )G(cy, 
«=1 / 1=1 

where W = (uii a ) is an integer (n + m) x r weight matrix of full rank, and extended 
naturally to the whole J-£. 

Let x' be another extended cluster, then the corresponding local toric action 
defined by the weight matrix W' is compatible with the local toric action (|2.3[) if 
the following diagram is commutative for any fixed d G (C*) r : 

Jc = C(x) > Jb = C(x') 

-w' 

d 

J" c = C(x) > Tc = C(x') 

(here the horizontal arrows are induced by xi i— > x' i for 1 < i < n + m). If local toric 
actions at all clusters are compatible, they define a global toric action 7d on J-"c 
called the extension of the local toric action (|2.3|) . Lemma 2.3 in [GSVlj claims that 
(|2.3|) extends to a unique global action of (C*) r if and only if BW = 0. Therefore, 
if rankB = n, then the maximal possible rank of a global toric action equals to. 
Any global toric action can be obtained from a toric action of the maximal rank by 
setting some of di's equal to 1. 
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A description of Poisson brackets on Tc compatible with a cluster structure 
C = C(B) based on the notion of the global toric action is suggested in [GSSV . 
Given a Poisson bracket {•, -} on J-£ compatible with C, one can obtain all other 
compatible brackets as follows. 

Assume that (C*) m is equipped with a Poisson structure given by 

(2.4) {di^jjv = Vijdidj, 

where V = (vij) is a skew-symmetric matrix. 

Proposition 2.3. For any V , there exists a Poisson structure {•, -} v compatible 
with C such that the map ((C*) m x .Fc, {v}y x {'i'Io) — ^ f-^Ci {■, extended 
from the action (d,x) h4 7d(x) is Poisson. Moreover, every compatible Poisson 
bracket on J~c is a scalar multiple of {•, -} v for some V . 

3. POISSON-LlE GROUPS AND THE MAIN CONJECTURE 

3.1. Let Q be a Lie group equipped with a Poisson bracket {•,•}. G is called a 
Poisson-Lie group if the multiplication map 

G y. G 3 {x,y) ^ xy e G 

is Poisson. Perhaps, the most important class of Poisson-Lie groups is the one 
associated with classical R-matrices. 

Let g be the Lie algebra of G equipped with a nondegenerate invariant bilinear 
form ( , ), t G Q®Q be the corresponding Casimir element. For an arbitrary element 
r = J2i a i ® h G g x q denote 

[[ r > r ]] = X/t *' a ^ ® ® + Qj 8 [£>», Oj] ® fej + aj 8) Oj [6i, bj] 

i,j i,j i,j 

and r 21 = £\ bj ® a,. 

A classical R-matrix is an element r G g £S> g that satisfies i/ie classical Yang- 
Baxter equation ( CYBE) 

(3.1) [[r,r]]=0 
together with the condition 

(3.2) r + r 21 =t. 

Given a solution r to (|3.ip . one can construct explicitly the Poisson-Lie bracket 
on the Lie group G- Choose a basis in g, and let df- and d[ be the right and 
the left invariant vector fields on G whose values at the unit element equal U . Write 
r as r — J^i j r ijh ® Ij> then the Poisson-Lie bracket on G is given by 

(3-3) {/i, / 2 } = rij {df hdfh ~ dfhdfh) , 

i,j 

see [KoSo, Proposition 4.1.4]. This bracket is called the Sklyanin bracket corre- 
sponding to r. 

The classification of classical R-matrices for simple complex Lie groups was given 
by Belavin and Drinfeld in [BP] . Let G be a simple complex Lie group, g be 
the corresponding Lie algebra, f) be its Cartan subalgebra, $ be the root system 
associated with g, $ + be the set of positive roots, and A C $ + be the set of positive 
simple roots. A Belavin- Drinfeld triple T = (Ti, T2, 7) consists of two subsets Ti, T2 
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of A and an isometry 7 : Li — > L2 nilpotent in the following sense: for every a G Li 
there exists meN such that "f ' J (a) e Ti for j = 0, . . . , m— 1, but 7™ (a) £ T±. The 
isometry 7 extends in a natural way to a map between root systems generated by 
Ti,r2. This allows one to define a partial ordering on $: a -<t P if = r ) J (a) for 
some j G N. 

Select root vectors e Q G satisfying (e- a ,e a ) — 1. According to the Belavin- 
Drinfeld classification, the following is true (see, e.g., |CP[ Chap. 3]). 

Proposition 3.1. (i) Every classical R-matrix is equivalent (up to an action of 
a ® a, where a is an automorphism of g) to the one of the form 

(3.4) r = r + ^ e_ a ® e Q + ^ e^ a Aep. 

a£4>+ a^ T fi 

(ii) ro G f) (8) f) m ()3.4j) satisfies 

(3.5) (7(a) <8 Id)r + (Id ® a)r = 
/or any a G Ti and 

(3.6) r + r^= to, 

where to is ifte f) ® ^-component of i. 

(iii) Solutions rQ to (13. 5|) . ()3.6p /orm a linear space of dimension fcT ( fc J — — , where 
k'r = I A more precisely, define 

(3.7) f, T = {/ l gf, : a (h) = [3(h) if a < T /3}, 

then dimrjx = ^t, a^d r o * s a /^ed solution of (13.51) . (|3.6p . £/ien every other 
solution has a form r^ = r' a + s, where s is an arbitrary element of f)r A f)T- 

We say that two classical R-matrices that have a form (I3.4[) belong to the same 
Belavin-Drinfeld class if they are associated with the same Belavin-Drinfeld triple. 

3.2. Let Q be a simple complex Lie group. Given a Belavin-Drinfeld triple T for 
5, define the torus Ht = exp t)T C 

We conjecture that there exists a classification of regular cluster structures on Q 
that is completely parallel to the Belavin-Drinfeld classification. 

Conjecture 3.2. Let Q be a simple complex Lie group. For any Belavin-Drinfeld 
triple T — (ri,L2,7) there exists a cluster structure (Ct,^>t) on Q such that 

(i) the number of stable variables is 2kx, and the corresponding extended ex- 
change matrix has a full rank; 

(ii) (Ct,^Pt) is regular, and the corresponding upper cluster algebra Ac{Ct) is 
naturally isomorphic to 0(Q); 

(iii) the global toric action of (C*) 2fcr on C(G) is generated by the action of 
H T xHt onG given by (H 1 ,H 2 ){X) = H 1 XH 2 ; 

(iv) for any solution of CYBE that belongs to the Belavin-Drinfeld class specified 
by T , the corresponding Sklyanin bracket is compatible with Ct; 

(v) a Poisson-Lie bracket on Q is compatible with Ct only if it is a scalar multiple 
of the Sklyanin bracket associated with a solution of CYBE that belongs to the 
Belavin-Drinfeld class specified by T . 
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Remark 3.3. Let us explain the meaning of assertion (iii) of Conjecture 13. 21 in more 
detail. For any H £ % and any weight uj G f)* put H u = , whenever H = exp h. 
Let (x, Z?) be a seed in Ct, and yi = Lp(xi) for ie [n + m]. Then (iii) is equivalent 
to the following: 

1) for any H\,H 2 G Ht and any X e Q 1 



The goal of this sections is to prove 

Theorem 4.1. Let T = (Fi,F2,7) be a Belavin-Drinfeld triple and (Ct,<Pt) be a 
cluster structure on Q. Suppose that assertions (i) and (iii) of Conjecture 13.21 are 
valid and that assertion (iv) is valid for one particular R-matrix in the Belavin- 
Drinfeld class specified by T . Then (iv) and (v) are valid for the whole Belavin- 
Drinfeld class specified by T . 

Proof. We start with the following auxiliary statement. 

Lemma 4.2. Any R-matrix from the Belavin-Drinfeld class specified by T is in- 
variant under the adjoint action of Ht ® Wt ■ 

Proof. Fix an arbitrary H € Ht- The term r in (|3.4[) is clearly fixed by Ad# <g> Ad# . 
Furthermore, 

Ad H (g) Ad#(e_ Q (g> e Q ) = ~ Q e_ Q <g> -ff Q e Q = e_ a ® e a . 
Besides, for a -<x ft, 

A& H ® Ad H (e_ a A e fj ) = H l3 ~ a e^ a A ep = e_ Q A ep, 
since /? — a annihilates \)t- D 

Our plan is to invoke the construction used in Proposition 12.31 so the hrst goal 
is to define a Poisson structure on the torus Ht x Ht satisfying (|2.4[) . Let V\, V 2 : 
\) T — »■ [)t be two linear skew-symmetric maps, that is (77, ViC) = "(Cj 1 ^ 7 ?) f° r an y 
?/,( £ f)^ and i = 1,2, where (•, •) stands for the natural coupling between t) T and 
Besides, let V12 be an arbitrary linear map fj^ — s- f) T . Put 



Then one can define a Poisson structure {•, - } v on X by the formula 




dim Q dim Q 



j=i i=i 



4. Towards a proof of the main conjecture 




(4-1) {ip 1 ,ip 2 }v 
where the differential Dip is given by 



(VDtp^Dw), 



(D<p(H u H 2 ),ri®0 



d_ 

dt 



t=o 
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In particular, the Poisson bracket of "monomial" functions on Ht X Ht is given by 

((ViViXi) + (V2V2X2) + (V 12 Vi,(2) + {V 12m Xi))HfHfHi'Hi\ 

By choosing appropriate 771, r\ 2l £1, C2 in the above relation we make certain that 
{•, -} v satisfies (|2H) . 

Fix an R-matrix r in the Belavin-Drinfeld class specified by T and denote by 
{•, -} r the corresponding Sklyanin bracket. It will be convenient to rewrite formula 
for {-,-} r as 

{/i,/a}r = (R(d R h),d R f 2 ) - {R(d L h),d L f 2 ), 

where R : fj* — > t) is given by {Rrj, () — (r, r;® (). We will view .M = Ht X x 5 as 
a direct product of Poisson manifolds (Ht X Ht, {■, -} v ) and (£/, {•, -} r ). Consider 
the map fi : M 3 (Hi,H 2 ,X) i-> HiXH 2 EQ. 

Lemma 4.3. (i) The map fi induces a Poisson bracket {•,•}_ v on Q given by 

{fx, h}r,v = {/i,/a}r + (V ((d R h) © (d L h) ) , (d R f 2 ) © (d L f 2 )o) , 

where (-)o stands for the projection onto ()*. 

(ii) The bracket {■, •} v is Poisson-Lie if and only if V\ 2 — and V 2 — —Vi. 

Proof. Let / be a function on Q. For any fixed (Hi, Hz) € Ht X Ht define the 
function on £ via f Hl > H2 (X) = f o n(H x ,H 2 ,X). Similarly, for any fixed 

16$ define the function / x on H T x H T via f x (H 1 ,H 2 ) = f o fj,(Hi, H 2 , X). 
Given two functions /i,/2 on let us compute the following Poisson bracket on 
M: 

(4.2) {fi ojij.o fj,}(Hi,H 2 ,X) = {f^> H \ f 2 Hl ' H2 } r (X) + {/j* /fM^i, H 2 ). 
First observe that for a function f on Q 
d L f H ^(X) = Ad^ d L f(H 1 XH 2 ), d R f H ^(X) = Ad^-i d R f(H 1 XH 2 ). 

Since, by Lemma [4.21 Ad# o_R o Ad^ = i? for any iJ G Ht, this means that the 
first term in the right-hand side of (|4.2[) is equal to {/1, f 2 }r(HiX H 2 ). 
To compute the second term in (|4.2I) . note that 

Df x (H u H 2 ) = (d R f(H 1 XH 2 )) ®(d L f(H 1 XH 2 )) . 

Then it follows from (|4~T1) and (|4~2)) that 

{/1 o /i, / a o M } = ({A, / 2 } r + (7 ((d fl 'A) © (d L /i)o) , (<f*/ 3 )o © (d L f 2 )o)) o M, 

which proves the first claim of the lemma. 

Conditions on V that ensure that {•, ■} r y is Poisson-Lie drop out immediately 
from the fact that any Poisson-Lie structure is trivial at the identity of Q. □ 

We can now proceed with the proof of the theorem. Assertion (i) guarantees 
that the toric action mentioned in assertion (iii) has the maximal rank. Assume 
that assertion (iii) of Conjecture [3T2] is valid. Then claims 1) and 2) of Remark 1 3. 31 
together with Lemma |4~3H ) and Proposition 12.31 imply that if {•,•)> is compatible 
with the cluster structure Ct, then every other compatible structure is of the form 
{•, -} rV for some choice of V. Since <^t(x) defines a coordinate chart on Q, we 
conclude that any Poisson bracket on Q compatible with Ct is, in fact, a scalar 
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multiple of {•, '} r v . Moreover, by Lemma l4~37 ii). {•, -} r v is Poisson-Lie if and only 
if it can be written in the form (13.3[) with r replaced by r + s, where s is an arbitrary 
element of ()t A t)r- But this is exactly the description of the Belavin-Drinfeld class 
specified by T. The proof is complete. □ 

5. Evidence supporting the conjecture 
Here we discuss several instances in which Conjecture [321 has been verified. 

5.1. The trivial Belavin-Drinfeld data. The Belavin-Drinfeld data (triple, class) 
is said to be trivial if T\ = T2 = 0. In this case we use subscript instead of T, so 
fco = |A| is the rank of Q and TLo = T~L is the Cartan subgroup in Q. 

Theorem 5.1. Let Q be a simple complex Lie group of rank n, then there exists a 
cluster structure (Co, ipo) on Q such that 

(i) the number of stable variables is 2n, and the corresponding extended exchange 
matrix has full rank; 

(ii) (Co,V?o) * s regular, and the corresponding upper cluster algebra Ac{Cq) is 
naturally isomorphic to 0{Q); 

(iii) the global toric action of (C*) 2 ™ on C(Q) is generated by the action ofJixl-L 
on g given by (H 1 ,H 2 )(X) = H 1 XH 2 ; 

(iv) for any solution of C'YBE that belongs to the trivial Belavin-Drinfeld class, 
the corresponding Sklyanin bracket is compatible with Co; 

(v) a Poisson-Lie bracket on Q is compatible with Cq only if it is a scalar multiple 
of the Sklyanin bracket associated with a solution of CYBE that belongs to the trivial 
Belavin-Drinfeld class. 

Proof. By Thcorcm l4.H we have to prove assertions (i)-(iii) and exhibit one bracket 
satisfying (iv). As we have mentioned in the Introduction, paper [BFZ] suggests a 
construction of a cluster structure on the double Bruhat cell Q u,v for an arbitrary 
pair of elements u, v in the Weyl group W of Q. Let u = v = w be the longest 
element of W, then the corresponding double Bruhat cell is open and dense in Q, 
and hence the construction in |BFZ) gives rise to a cluster structure on Q. We claim 
that this cluster structure, which we denote by (C ,<fo)> satisfies all conditions of 
the theorem. 

We start with a brief review of the construction in [BFZj . First, following [FZlj . 
let us recall the definition of generalized minors in Q. Let A/+ and M— be the upper 
and the lower maximal unipotent subgroups of Q . For every X in an open Zarisky 
dense subset 

G° = N-UN+ 
of Q there exists a unique Gauss factorization 

x = x_x x + , x+ e Af+, X- e N- , x e H. 

For any X £ Q° and a fundamental weight u>i 6 t)* define 

A i (X)=X%<; 

this function can be extended to a regular function on the whole group Q. For any 
pair u, v G W, the corresponding generalized minor is a regular function on Q given 

by 

(5.1) A UUitVUi {X) = A i (u- 1 Xv). 
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These functions depend only on the weights uuii and vuji, and do not depend on 
the particular choice of u and v. 

The initial cluster for (Co, ipo) can be chosen as a certain collection of generalized 
minors, described as follows. Consider two reduced words for wq, one written in 
the alphabet 1, . . . , n and another, in the alphabet — 1, . . . , —n. Let i = (ii) be a 
word of length 21(wq) + n = dimC? defined as a shuffle of the two reduced words 
above appended with a string (— n, . . . , —1) on the left. For k £ [21(wq)] denote 

l-3ign(i t ) l+3ign(i 1 ) 

u< k = u< k (i) = [[ S| i([ 2 , v >k = u>fc(i) = [[ s |i( | 2 

i=l,...,fe ;=2!(w ),...,fc+l 

Besides, for k £ — [n] set u<£ to be the identity and i>>fc to be equal to wo- For 
ke-[n]U [2l(w )] put 

A(fc; i) = A u<fcW , w>feW , . | , 



where the right hand side is the generalized minor defined by (|5.1I) . Then x = 
(xk,i = A(/e; i) : k £ — [n] U [2Z(«;o)]) is an extended cluster in (Co, <^o) with 2n — 
2dim'H stable variables given by A(fc;i), k £ —[n], and A(fcj-;i), j £ [n], where 
kj £ [21{wq)] is the largest index such that \i kj \ — j- The matrix B — (6y) for the 
seed associated with x. can be described explicitly in terms of the word i, however 
we will not need this description here. By Proposition 2.6 in |BFZ) . it has full rank. 
So, assertion (i) of the theorem is proved. 

To prove assertion (ii), observe that O(Q W0,w °) is obtained from 0(G) via local- 
ization at stable variables A(fc; i) and A(fcj-; i) defined above. Besides, by Theorem 
2.10 in jBFZj . O(G W0 - w °) is naturally isomorphic to the upper cluster algebra ^4(C ) 
over CP, where V is generated by Laurent monomials in these stable variables. The 
latter is obtained via localization at the same stable variables from the upper cluster 
algebra Ac (Co), an d hence (ii) follows. 

To establish (iii), we need to check claims l)-3) of Remark l3.3l Let H\,H2 be two 
elements in H. We want to compute the local toric action H2 on x generated 
by the action of H x H on Q. Clearly, A l (H 1 XH 2 ) = (H 1 X H 2 ) U '' , hence 

A^^OMIZjO = A, ((u-'Hm^u-'Xv^v^^v)) 

= {u- 1 H 1 uT i (v- 1 H 2 vr^ UWUVUi {X) = H^>H^A UUJi , v ^(X). 

Thus, 

u 2 V - / fc6-[n]U[l,2/(«;o)] 

where rows of W are given by components of weights u< k uj\i k \ , v >k u)u h \ with respect 
to some basis in ()*, which amounts to claim 1). Claim 2) follows from the fact that, 
for k £ — [n] , exponents of Hi and H 2 in the formula above are wi,...,w„ and 
uiqWi, . . . ,u>ow„, respectively, and each of these two collections spans ()*. Finally 
claim 3) that guarantees that 7^ H2 extends to a global toric action amounts to 
equations 

} J hkU<kU\i k \= bi k v >k u)\ ik \ — 

fce-[n]U[l,2i(tu )] fce-[n]U[l,2i(iuo)] 

for I £ [1, 2l(wo)], I ^ kj (j — l,...,n). But this is precisely the statement of 
Lemma 4.22 in |GSV6j . which proves (iii). 
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It remains to exhibit a Poisson structure on Q corresponding to the trivial 
Belavin-Drinfcld data and compatible with Co- An immediate modification of The- 
orem 4.18 in [GSV6j shows that the standard Poisson-Lie structure on Q satisfies 
these requirements. □ 

5.2. The case of SL n for n = 2, 3, 4. In this Section we prove the following result. 

Theorem 5.2. Conjecture 13.21 holds for complex Lie groups SX 2 , SL 3 and SL4. 

Proof. The case of SL2 is completely covered by Theorem 15. 1[ since in this case A 
contains only one element, and hence the only Belavin-Drinfeld triple is the trivial 
one. 

Before we move on to the case of SL 3 , consider the following two isomorphisms 
of the Belavin-Drinfeld data for SL n (here n is arbitrary) : the first one transposes 
Ti and r 2 and reverses the direction of 7, while the second one takes each root Oj- 
to a Wo (j\. Clearly, these isomorphisms correspond to the automorphisms of SL n 
given by I 4 —X 1 and X 1— > wqXwq. Since we consider R-matrices up to an 
action of a ® o~, in what follows we do not distinguish between Belavin-Drinfcld 
triples obtained one from the other via the above isomorphisms. 

In the case of SL 3 we have A = {ai,a 2 }, and hence, up to an isomorphism, 
there is only one non-trivial Belavin-Drinfeld triple: T = (Ti = {ct 2 }, r 2 = {cxi}, 7 : 
012 1— > oil). In this case kx = 1, and hence, by Proposition l3.1l iii). the corresponding 
Belavin-Drinfeld class contains a unique R- matrix. It is called the Cremmer-Gervais 
R-matrix, and the solution to (|3.5p . (|3.6[) is given by 

11. 

ro - Tjto = g ( e n A e 33 - en A e 22 - e 22 A e 33 ) 

(see e.g. [GeGij ). 

To prove Conjecture 13.21 in this case, we once again rely on Theorem 14.11 Let 
us define the cluster structure (Ccc, ^Cg) validating assertion (i) of the conjecture. 
Since dimC/ = 8, the extended exchange matrix Bcg should have 6 rows and 8 
columns. Put 

\ 




1 

1 

J 

It is easy to check that rank Sec = 6. So, to establish (i) it remains to define the 
field isomorphism ycc- 

Let X = (xij)fj =1 be a matrix in SL 3 , X = (fy)f j=i be its adjugate matrix 
given by X = X^ 1 dctX. Given the initial extended cluster (xi, . . . ,Xs), denote 
Pi = VCG(%i) and put 

Pi = Xu, P2 = Xl3, P3 = X21, 

(5.2) Pi = -X23, P5 = -xs\, P& = -£33, 

P 7 = Xi 3 X 3 i - X21X2Z, Ps = Xi 3 X 31 - X2\X 23 . 



Bcg = 






-1 


-1 


1 











1 





-1 


-1 








1 


1 


1 








1 


-1 


-1 


1 


1 








1 


1 











-1 


-1 





1 











1 


-1 


-1 
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A direct computation shows that gradients of Pi, 1 < i < 8, are linearly independent 
at a generic point of SL 3 , hence (Pi, . . . , Ps) form a transcendence basis of C(SL3), 
and assertion (i) is established. 

The proof of assertion (ii) relies on Proposition 12.11 Since SL n (and, in par- 
ticular, SL 3 ) is not a Zariski open subset of C , we extend the cluster structure 
(Ccgj'/'cg) to a cluster structure (CcG'^Cg) on by appending the column 
(0, 0, 0, 0, —1, 1)' on the right of the matrix Bcg and adding the function P9 = det X 
to the initial cluster. Conditions (i), (ii) and (iv) of Proposition 12 . II for {C' CG ,(p CG ) 
are clearly true, and condition (iii) is verified by direct computation. The ring 
of regular functions on GL 3 is generated by the matrix entries Xij. By Theo- 
rem 3.21 in |GSV6j . condition (i) implies that the upper cluster algebra coincides 
with the intersection of rings of Laurent polynomials in cluster variables taken over 
the initial cluster and all its adjacent clusters. Therefore, to check condition (v) 
of Proposition 12. 1[ it suffices to check that every matrix entry can be written as 
a Laurent polynomial in each of the seven clusters mentioned above. This fact is 
verified by direct computation with Maple: we solve system of equations (|5.2p . as 
well as six similar systems, with respect to a;,-. Since GL 3 is Zariski open in C 9 , 
Ac(C' CG ) is naturally isomorphic to 0(GL 3 ) by Proposition [2TJ Now assertion (ii) 
for (Ccc^cg) follows from the fact that both .4c(Ccg) and 0{SL 3 ) are obtained 
from their GL3-counterparts via restriction to det X = 1 . 

To prove assertion (iii), we parametrize the left and the right action of %cg by 
diag(t, 1, t -1 ) and diag(z, 1, z" 1 ), respectively. Then 

4 \ / x n X12 x 13 \ ( z \ 

1 Z21 X 22 X 23 1 = 

t- 1 J \ X31 x 32 x 33 / V z- 1 J 

tzX\\ tX\2 tz~ X X\3 \ 

zx 2 \ x 22 z~ 1 x 23 
t~ l zx 3 i t~ x x 32 t~ x z~ x x 33 J 

and hence condition 1) of Remark l3.3l holds with 1-dimensional vectors rji, Q given 

by 

vi = 1, V2 = 1, V3 = 0, rj4 = 1, »?5 = -i) ve = i, m = 0, VS = 0, 
Ci = l, Ca = -1, Ca = l. C 4 = 0, Cs = l, Ce = l, Ct = 0, Cs = 0. 

Conditions 2) and 3) are now verified via direct computation. 

Finally, let us check that assertion (iv) holds for the Cremmer-Gervais bracket. A 
direct computation shows that this bracket in the basis (Pi, . . . , Ps) satisfies (|2 . 2[) . 
and that the corresponding coefficient matrix is given by 

3 \ 
1 

1 

2 
1 
3 


/ 



30 = 



( 


-2 


-2 


-1 


-1 





-3 


2 














1 


-2 


2 














1 


1 


1 














2 


-1 


1 














2 


-1 





-1 


-1 


-2 


-2 





-3 


3 


2 


-1 


1 


1 


3 





V 3 


1 


1 


2 


-1 


3 
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A direct check shows that Bcg^I = {—I 0), hence the Cremmer-Gervais bracket is 
compatible with Cqg by Proposition 12.21 



Remark 5.3. Although we started the presentation above by specifying B and x, 
to construct the cluster structure (Ccd ¥>cc) we had to act the other way around. 
We started with the extension of the Cremmer-Gervais bracket to GL 3 and tried 
to find a regular basis in C(G£ 3 ) in which this bracket is diagonal quadratic (that 
is, satisfies (|2.2jl ). Since detX is a Casimir function for the extended bracket, it 
was included in the basis from the very beginning as a stable variable. Once such a 
basis is built, the exchange matrix of the cluster structure C£ G on GL 3 is restored 
via Proposition ^. 21 The cluster structure on 6X3 is obtained via restriction to the 
hypersurface det X = 1, which amounts to removal of the corresponding column of 
the exchange matrix. 



Let us proceed with the case of SL4. Here we have, up to isomorphisms, the 
following possibilities: 

Case 1: Ti = T 2 = (standard R-matrices); 

Case 2: r 4 = {a 2 ,a 3 }, T 2 = {ai,a 2 }, 7(0(2) = «i, 7(0(3) = «2 (Cremmer- 
Gervais R-matrix); 

Case 3: Ti = {ai}, T 2 = {a 3 }, 7(01) = a 3 ; 
Case 4: Ti = {ai}, T 2 = {a 2 }, 7(01) = a 2 . 

The first case is covered by Theorem 15.11 In the remaining cases we proceed in 
accordance with Remark 15.31 

Case 2. Here fcx = 1, and hence the corresponding Belavin-Drinfeld class con- 
tains a unique R-matrix. It is called the Cremmer-Gervais R-matrix, and the 
solution to (|3.5|) . ()3.6[) is given by 



1 



ro 



rto 



1 



(en A e 44 - en A e 2 2 - e 22 A e 33 - e 33 A e 44 ) 



The basis in C(S"L 4 ) that makes the Cremmer-Gervais bracket diagonal quadratic 
is given by 



Pi 
Pi 

Pi 
P9 



-X21, 
X31, 



P-2 = X31) 
P5 = %24, 



X21 X 2i 

X 2 \ Xu 
X31 X 2 4 



Pn = - 



X31 £24 

Xai X34 



3 

P\3 = y^^i+1,1 

i=l 



Ps = 
Pw 



P3 = X 2i , 

Pe = *34, 

a;2i x 2i 
X31 X34 

x%\ x 22 
X31 x 32 



P12 = - 



X 2 l 

X31 
X41 



Xu Xu 
X 2 i x 2i 



X 22 Xu 

X32 x 2i 
x i2 x 3i 



Pl4 = - 



3 

E 



X 2 l 
X 3 1 
X41 



Pis = 



3 

E 

i=l 



Xi+1,1 



X 2 \ 
X3\ 
X41 



Xu Xu 

x 2i x 2i 

X3i X 3i 



X3,i+1 
X4,i+1 



X24 
X34 
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where X — {xij)jj =1 is a matrix in SL4 and X = (xij)fj =1 is its adjugate matrix. 
The coefficient matrix of the Cremmer-Gervais bracket in this basis is given by 



m = 



( 


-3 


-3 


-1 


-1 








-2 


-3 





-1 


-2 


-2 


-4 


-4 \ 


3 














1 


2 





-1 


2 


1 


-1 


1 


-2 


-2 


3 














1 


2 





3 


2 


1 


3 


1 


2 


2 


1 














3 


2 





1 


2 


3 


1 


3 


2 


2 


1 














3 


2 





1 


2 


-1 


1 


-1 


-2 


-2 





-1 


-1 


-3 


-3 








-2 


-1 





-3 


-2 


-2 


-4 


-4 





-2 


-2 


-2 


-2 








-4 


-2 





-2 





-4 


-4 


-4 


2 














2 


4 





2 


4 


2 


2 


2 








3 


1 


-3 


-1 


-1 


1 


2 


-2 





2 





1 


-1 


-2 


-2 





-2 


-2 


-2 


-2 








-4 


-2 





-2 


-4 





-4 


-4 


1 


-1 


-1 


-3 


1 


3 


2 


-2 





2 





-1 


1 


-2 


-2 


2 


1 


-3 


-1 


-1 


2 





-2 


-1 


4 


1 














2 


-1 


-1 


-3 


1 


2 


4 


-2 


1 





-1 














4 


2 


-2 


-2 


2 


4 


4 





2 


4 


2 














V 4 


2 


-2 


-2 


2 


4 


4 





2 


4 


2 











/ 



A basis in C(GZ<4) is obtained by adding Piq = detX to the above basis. Since 
det X is a Casimir function, the corresponding coefficient matrix fi° is obtained 
from f2 by adding a zero column on the right and a zero row at the bottom. By 
assertion (i) of Conjecture 13. 2i the cluster structure Cqg we are looking for should 
have 2 stable variables; their images under ycG are polynomials Pi 4 and P15; recall 
that Pi6 is the image of the third stable variable that exists in Cqq, but not in Ccg- 
Therefore, the exchange matrix of C CG is a 13 x 16 matrix. It is given by 



B, 



CG 
( 



\ 






1 


1 














-1 


























1 





-1 

















1 























1 


1 














1 





-1 



































1 


-1 











1 


-1 














1 











-1 





-1 














1 


























1 


1 








-1 























-1 








-1 














1 








-1 





1 











1 














1 


-1 








-1 























-1 


1 




















1 





-1 


-1 





1 














-1 











1 


-1 








1 























1 


-1 





1 














-1 


-1 


1 
































1 


-1 


1 








-1 


























-1 





1 





1 











-1 






A direct check shows that BqqVL 



(I 0), hence the Cremmer-Gervais bracket 
is compatible with C CG by Proposition 12.21 The exchange matrix Pcg for Cqg 
is obtained from P£ G by deletion of the rightmost column. The compatibility is 
verified in the same way as before. 
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Assertion (ii) is proved exactly as in the case of SL3, with the help of Proposi- 
tion 12.1) a straightforward computation shows that all assumptions of this Propo- 
sitions are valid. 

To prove assertion (iii), we parametrize the left and the right action of Hcc 
by diag(i 3 , t, i -1 , t~ 3 ) and diag(z 3 , z, z~ 3 ), respectively. Then condition 1) of 
Remark 13.31 holds with 1-dimensional vectors 77,-, Q given by 

Vi = !j m = -1, m = 1) 7 U = -3, 775 = 3, ?76 = 3, i] 7 =4, ?7 8 = 0, 

?/9 = 2, 7710 = 0, 7711 = 0, 7712 = -1, 7)13 = 1, 7714 = 2, 77x5 = -2, 

Ci=3, (2 = 3, Cs = -3, C4 = l, Cs = -1, Ce = l, Cr = 0, Cs = 0, 

C 9 = 0, Cio=4, Cxi =2, Ci2 = l, Cl3 = -1, Ci4 = -2, Cl5=2. 

Conditions 2) and 3) are now verified via direct computation. 

Case 3. Here fcx = 2, and hence the corresponding Belavin-Drinfeld class con- 
tains a 1-parameter family of R-matrices. It is convenient to take the solution 
to ([31]), dSU given by 

1 1 / 

r - = 4 *- ei1 A e22 _ 622 A 633 ~ e33 A 644 + 22 A e44 ~ 611 A e 44j • 

The basis in C(SL/±) that makes the corresponding bracket diagonal quadratic is 
given by 



-»13, 



Pi = 


X12 


P2 


= Xl3 


, P 3 = 


X41, P4 — —^42 


^5 = 


-X12 


Pc 


Pl = 


X41 


p 8 


= X42 


, ^9 = 




2^32 2:33 


) 


Pio = 


X13 


Xl4 








X42 X43 




X43 


X44 


Pll = 




Xl2 


X13 


, Pl2 




X13 X14 


3 


Pl3 = 


X31 


X32 




X42 


X43 




X23 X 2 4 




X41 


X42 



X13 


Xl4 




X13 


X\4 


X41 


X42 


X41 


X42 



Pl4 = 



The coefficient matrix of the bracket in this basis is given by 



4fi = 










/ 


-1 





-3 


-2 


1 





-1 


-2 


-1 





1 





-3 





3 


2 


3 





1 


2 


1 





-1 





1 





3 


2 


-1 





3 


2 


-1 





-1 


2 


-1 


-4 


-3 


2 


4 


2 


-2 





4 








2 


2 





2 


2 


-2 





2 


-2 





2 


-2 


2 


2 





-2 


-2 


4 


2 


-2 


-2 





V 


2 


2 


-2 


-4 



1 

-2 
1 
4 
3 
2 
3 

2 
2 
2 

-2 
2 
2 
2 



-2 
2 


-2 
2 

-2 

2 
2 
2 








\ 

-2 
-2 

2 

4 

2 
-2 
-2 

2 

2 









/ 
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A basis in C(G-L 4 ) is obtained by adding Pie — detX to the above basis. Since 
det X is a Casimir function, the corresponding coefficient matrix 0° is obtained 
from by adding a zero column on the right and a zero row at the bottom. By 
assertion (i) of Coniecture l3.2[ the cluster structure Ci^s we are looking for should 
have 4 stable variables; their images under ifi^s are polynomials Pi 2 , P13, Pu and 
P15; recall that Pie is the image of the fifth stable variable that exists in C 4l _^ 3 , but 
not in Therefore, the exchange matrix of CJ > M>3 is a 11 x 16 matrix. It is given 

by 



B 1^3 = 



( 





1 





1 




















-1 














\ 




-1 





-1 




















-1 


1 








1 













1 





1 





























-1 










-1 





-1 

















-1 





1 





1 




























-1 





-1 








1 














1 
















1 





1 








-1 





1 








-1 






















-1 





-1 




















1 



















1 





1 





-1 




















-1 













1 











1 








-1 





-1 
















1 











1 














-1 


-1 














\ 


1 


-1 





-1 


-1 











1 


1 

















/ 



A direct check shows that B^ 3 fl° = {—I 0), hence the bracket defined above is 
compatible with Ci^ 3 by Proposition 12.21 The exchange matrix B\^ 3 for Ci^ 3 
is obtained from B°^ 3 by deletion of the rightmost column. The compatibility is 
verified in the same way as before. 

Assertion (ii) is proved exactly as in the previous case. 

To prove assertion (iii), we parametrize the left and the right action of T-Li^3 
by diag(i, w, w , and diag(z, u, u , z^ 1 ), respectively. Then condition 1) of 
Remark 13.31 holds with 2-dimensional vectors rji, Q given by 



Vi = 


(1,0), 


m = 


(1,0), 


773 = (-1,0), T}4 = 


= (-1,0), V5 


= (0,-1), 


V6 = 


(0,1), 


V7 = 


(-1,0), 


r?8 = (0, -1), V9 


= (-1,-1), 


7710 = (0,0), 


mi = 


= (0,0), 


Vl2 


= (1,1), 


^3 = (-1,-1), 


Vu = (0,0), 


ms = (0,0), 


Ci = 


(0,1), 


C 2 = 


(0,-1), 


Ca = (1,0), C 4 = 


(0,1), C5 = 


(-1,0), 


Ce- 


(-1,0), 


C7 


= (1,0), 


C 8 = (i,o), C9 = 


(0,0), Cio = 


= (-1,-1), 


Cii - 


= (0,0), 


Cl2 


= (-!,- 


1), Cl3 = (l,l), 


Ci4 = (0,0), 


Ci 5 = (o,o). 



Conditions 2) and 3) are now verified via direct computation. 

Case 4- Here kx — 2, and hence the corresponding Belavin-Drinfeld class con- 
tains a 1-parameter family of R-matrices. It is convenient to take the solution 
to (03]), flSU) given by 

11/ 

r o - = 7 (en A e 22 + e 22 A e 33 + e 33 A e 44 - e n A e 44 ) . 
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The basis in €(££4) that makes the corresponding bracket diagonal quadratic is 
given by 



Pi 

Pi 



-X12, 



P2 
P 5 



X42, 
£42, 



P3 
Pe 



= £122:42 - £132:41, 



Xll X12 
X±l X42 



Pi 
p 9 

Pu = X41 
P\2 = Xu, 
Pl5 = X41 I X41 



P 8 = 



P 



X13 £14 
^33 ^34 

Pi 3 = X 



10 



^42 



= -X41, 

= -Xl2, 

X\2 X\s 
XA2 ^43 

X\2 ^13 
^32 ^33 

X\2 X U 

X32 x 3i 



14, 

£13 X M 
^23 X 2 4 



Pu = 



X±2 



X21 X23 
X31 X33 

X\2 Xu 
X22 X 2 A 



X42 x 41 



X 13 X14 
X33 X34 



X42 



X\2 X14 
X32 X 3A 



The coefficient matrix of the bracket in this basis is given by 



40 = 






-3 





-2 


-1 


-2 


-3 


-2 





-1 


-3 


-2 





-2 


-4 


3 





3 


-1 





-1 


3 





2 


1 


2 


1 


1 





2 





-3 





-2 


-1 


-2 


1 


-2 





-1 


1 


2 





-2 





2 


1 


2 





3 





3 


2 


4 


1 


1 





-2 


2 





1 





1 


-3 





-3 


1 





2 


-1 


-2 


-1 


-1 





-2 


2 


1 


2 





3 





3 


2 


4 


1 


1 





2 


2 


4 


3 


-3 


-1 


-3 


-1 


-3 





-2 


2 





-1 


-1 


1 


-2 


-2 


2 





2 


-2 





-2 


2 





4 


2 





-2 


2 











-2 





-4 


-2 


-4 


-2 


-4 





-2 


-2 








-4 


-4 


1 


-1 


1 


-1 


1 


-1 





-2 


2 





-3 


-3 


-1 


2 


-2 


3 


-2 


-1 


-1 


2 


-1 


1 





2 


3 





1 


1 





2 


2 


-1 


-2 





1 





1 


2 





3 


-1 





2 


-2 








-1 





2 


1 


-2 


-1 


-2 





1 


-1 


-2 





2 





2 





2 


-2 





-2 


2 





4 


-2 





2 











4 


-2 








2 


-4 


2 





4 


2 


-2 















A basis in C(GL4) is obtained by adding Pi6 = detX to the above basis. Since 
det X is a Casimir function, the corresponding coefficient matrix Q° is obtained 
from n by adding a zero column on the right and a zero row at the bottom. By 
assertion (i) of Coniecture l3.2[ the cluster structure Ci^2 we are looking for should 
have 4 stable variables; their images under ^1^2 are polynomials P12, P13, P14 and 
P15; recall that Pi6 is the image of the fifth stable variable that exists in C^ 2 j but 
not in Ci^2- Therefore, the exchange matrix of C\^ 2 is a 11 x 16 matrix. It is given 
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by 



Bl 



^2 



V 



-1 
-1 


1 



1 



1 






-1 



-1 1 





1 




o \ 





-1 
1 






o / 



A direct check shows that BJ^^ = (I 0), hence the bracket defined above is 



compatible with C\^ 2 by Proposition 12.21 The exchange matrix B\^ 2 for C\^ 2 
is obtained from B\^ 2 by deletion of the rightmost column. The compatibility is 
verified in the same way as before. 

Assertion (ii) is proved exactly as in the previous case. 

To prove assertion (iii), we parametrize the left and the right action of by 
diag(t, w, t~ 1 w 2 , w~ 3 ) and diag(z, u, z^ 1 ^ 2 , it" 3 ), respectively. Then condition 1) 
of Remark 13.31 holds with 2-dimensional vectors T)i, Q given by 

77i = (1,0), 772 = (0,-3), 773 = (0,-3), 7M = (-1,0), 775 = (0, -1), 
7/6 = (0,-1), 777 = (1,-3), 77 8 = (1,-3), 779 = (1,-3), r, 10 = (0,2), 
77n = (0,-l), 77x2 = (1,0), r?i 3 = (0,3), 1^4 = (-1,-1), 77 15 = (0,-2), 
Ci - (0,1), & = (0,1), C 3 = (1,0), a = (0,3), Cs = (0,3), 
C 6 = (-1,0), C7 = (0,2), Cs = (-1,3), C 9 = (l,l), Cio = (-l,3), 
Cu = (0,-1), Ci2 = (0,-3), Ci3 = (-1,0), Cl4 = (l,l), Cl5 = (0,2). 

Conditions 2) and 3) are now verified via direct computation. □ 



6. The case of triangular Lie bialgebras 



We conclude with an example that shows that Conjecture 13. 21 is not valid in the 
case of skew-symmetric R-matrices, that is, R-matrices r that satisfy Q3.4p together 
with the condition 

r + r 21 = 0. 

Consider the simplest skew-symmetric R-matrix in sh- 



r 



1 

-1 



A 



1 




Let X = (xij)1 - =1 denote an element of SL 2 . Choose functions 2/1 — in, 7/2 = £21, 
2/3 = Xu — %22 as coordinates on SL 2 - Then a direct calculation using (|3.3j) shows 
that the Poisson-Lie bracket corresponding to r has the form 



{2/1,2/2} 



2/2, 



{2/i, 2/3} = 2/22/3, {2/2, 2/3} = 0. 
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Select a new coordinate system on the open dense set {X21 ^ 0}: z\ = yi, 2:2 = 
— l/j/2, Z3 = 2/3/2/2, then the Poisson algebra above becomes: 

{Z!,Z 2 } = 1, {Z1,Z 3 } = {Z 2 ,Z 3 } =0. 

It is easy to see that both collections 2:1,2:2,2:3 and 2/1,2/2,2/3 generate the set of 
rational functions on SLi- However, we claim that there is no triple of independent 
rational functions ^(2:1,2:2,2:3) such that {pi,Pj} = CijPiPj for some constants Cij, 
i,j = 1,2,3. Indeed, the independence implies that at least one of the constants 
c^, say, C12, is nonzero. View p\ and p 2 as ratios of two polynomials in z\ with 
the difference of degrees of the numerator and denominator equal to Si and 82, 
respectively. Then the difference of degrees of the numerator and denominator of 
{P11P2} viewed as a rational function of z\ is at most b\ + 62 — 1, and thus {pi,P2} 
cannot be a nonzero multiple of piP2- This means, in particular, that the Poisson 
structure associated with the R-matrix above cannot be compatible with any cluster 
structure in the field of rational functions on SL 2 ■ 
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